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1 Introduction
1. 1 DAHA
I.Cherednik double affine Hecke (DAHA) , 2
$\zeta,$ $\tau$ . $GL_{n}$ DAHA , $A$ Iwahori-Hecke $H_{n}=\langle T_{1}, \cdots, T_{n-1}\rangle$ 2
Laurent $\mathbb{C}[X_{1}^{\pm 1}, \cdots, X_{n}^{\pm 1}],$ $\mathbb{C}[Y_{1}^{\pm 1}, \cdots, Y_{n}^{\pm 1}]$ . ,
Dunkl Laurent $\mathbb{C}(\zeta^{1/2}, \tau)[X_{1}^{\pm 1}, \cdots, X_{n}^{\pm 1}]$
, . \mbox{\boldmath $\zeta$}, \tau generic ,
, non-symmetric Macdonald ,
. ( ) , [ ] , $\zeta,$ $\tau$ $\zeta^{\ell}\tau^{r}=1$
. , – .




$\zeta$ , \tau 1 * , $(\ell, r)=1$ $P\neq 2$
, , . ,
, $\mathrm{U}_{\mathrm{q}}(g[_{\ell})\text{ }\mathrm{F}\mathrm{o}\mathrm{c}\mathrm{k}\text{ }\mathrm{u}\mathrm{p}\mathrm{p}\mathrm{e}\mathrm{r}\text{ }\wedge$ .
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1.2 DAHA $v$-Schur , LLT-
DAHA , degenerate DAHA, rational DAHA 2
. , $h$ , dgeneraret DAHA ,
$\mathbb{C}[x_{1}, \cdots, x_{n}],$ $\mathbb{C}\mathfrak{S}_{n},$ $\mathbb{C}[Y_{1}^{\pm 1}, \cdots, Y_{n}^{\pm 1}]$ , rational DAHA , $\mathbb{C}[x_{1}, \cdots, x_{n}]$ ,
$\mathbb{C}\mathfrak{S}_{n},$ $\mathbb{C}[y_{1}, \cdots, y_{n}]$ . DAHA , ”category
O” , .
. , rational DAHA n
$\Delta(\lambda)$ .
, $v$-Schur , Iwahori-Hecke permutation module endmorphism ring
[DJ], $U_{v}(\mathrm{g}\mathrm{l}_{n})$ [BLM]. $v$ 1
, Weyl n
(e.g. [Mat]).
DAHA $\zeta^{\ell}\tau^{r}=1$ , $h=r/\ell$ , DAHA







category $\mathbb{O}_{r/\ell}^{\mathrm{r}\mathrm{a}\mathrm{t}}$ $\cong$ category @(n)-mod
(3)
(1) Varagnolo-Vasserot’s equivalence [VV2]
DAHA category $O_{(\ell,r)}$ degenerate DAHA category $\mathbb{O}_{r/\ell}^{\deg}$
. , Y weight \mbox{\boldmath $\chi$} affine Weyl
$\text{ ^{}\chi}\mathcal{O}_{(\ell,r)},$ $x\mathbb{O}_{r/\ell}^{\deg}\text{ }$ , \mbox{\boldmath $\chi$}
. GLusztig affine Hecke
[Lus] – .
(2) T. Suzuki’s embedding [ ]
rational DAHA $\mathbb{H}^{\mathrm{r}\mathrm{a}\mathrm{t}}$ degenerate DAHA $\mathbb{H}^{\deg}$ ,
Hdeg\otimes l’.t-- , fully faithhl exact . , ’
$\mathbb{O}_{r/\ell}^{\deg}$ .
(3) R. Rouquier’s equivalence [Rou]
$\ell\neq 2$ , $\mathbb{O}_{r/\ell}^{\mathrm{r}\mathrm{a}\mathrm{t}}$ $v=\sqrt[\ell]{1}$ $v$-Schur $\mathrm{S}(n)$-mod
. , $\mathbb{O}_{r/\ell}^{\mathrm{r}\mathrm{a}\mathrm{t}}\text{ }\lambda \mathrm{I}\text{ }\Delta(\lambda)\text{ }\mathrm{W}\mathrm{e}\mathrm{y}1\text{ }W^{\lambda’}\text{ }$
. ( $\lambda’$ $\lambda$ . )
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, DAHA , v-Schur
Weyl $W^{(1^{n})}$ .
A Hecke LLT , [ 1]
, Hecke modular .
, Varagnolo-Vasserot , $v$-Schur modular
.
(4) LLT- [VV1]
$v=\sqrt[\ell]{1}$ , v-Schur (crystallized decomposition num-
ber) $[W^{\lambda}, L^{\mu}]\text{ }$ , $U_{q}(\epsilon[)\text{ }\mathrm{F}\mathrm{o}\text{ }\wedge$,
( $q=1$ ) .
, $U_{q}(z[\text{ }\mathrm{F}\mathrm{o}\mathrm{c}\mathrm{k}\text{ }\wedge$ , l(n) $\rangle$ upper
,
$\langle$ $(n)|= \sum_{i=0}^{N}q^{i}G^{\mathrm{u}\mathrm{p}}(\mu_{i}^{(n)})$ , ( $N=[r/P]$ )
.
$[W^{(1^{n})} : L^{\mu}]=\{$
1if $\mu’=\mu_{1}^{(n)}.(0\leq i\leq N)$
$0$ otherwise
. ( $\mu_{i}^{(n)}$ \S 4 . ) , $\ell=2$
. , (3) Rouquier $\ell\neq 2$
, , DAHA , p\neq 2
. , DAHA ,
$N=[r/P]$ , ,
N , .
Remark 1. , [ ] , $[W^{(1^{n})} : L^{\mu}]$
[ , Lemma 12. $2.4,\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{y}$ 12.2.6]. q-
, $qarrow 1$ , ,
, .
, q- . [ , Conjecture
122.19] .








2.0 affine root system & extended affine $\mathrm{W}\mathrm{e}\mathrm{y}\mathrm{l}\Re$
$n+2$ C-
$\mathfrak{h}=\bigoplus_{:=1}^{n}\mathbb{C}\epsilon_{i}^{\vee}\oplus \mathbb{C}c\oplus \mathbb{C}d$, $\mathfrak{h}^{*}=\bigoplus_{i=1}^{n}\mathbb{C}\epsilon;\oplus \mathbb{C}\Lambda\oplus \mathbb{C}\delta$
, $(|)$
$(\epsilon:|\epsilon_{j})=\delta_{1j}$ , $(\epsilon_{i}|\delta)=(\epsilon_{i}|\Lambda)=0$ , $(\delta|\Lambda)=1$ , $(\delta|\delta)=(\Lambda|\Lambda)=0$ ,
$(\epsilon_{i}^{\vee}|\epsilon_{j}^{\vee})=\delta_{ij}$ , $(\epsilon_{i}^{\vee}|c)=(\epsilon_{i}^{\vee}|d)=0$ , $(c|d)=1$ , $(c|c)=(d|d)=0$
.
$\alpha_{1j}=\epsilon_{i}-\epsilon_{j},$ $(1\leq i\neq j\leq n)$ $\alpha_{i}=\alpha_{ii+1}(1\leq i\leq n-1)$
, $A_{n-1}$
$R=\{\alpha_{ij}|1\leq i\neq j\leq n\}\subset \mathfrak{h}^{*},$ $R^{+}=\{\alpha_{ij}\in R|i<j\},$ $\Pi=\{\alpha_{1}, \cdots, \alpha_{n-1}\}$
. $\alpha_{0}=-\alpha_{1n}+\delta$ , $A_{n-1}^{(1)}$ ne
$\hat{R}=$
$\{\alpha+k\delta|\alpha\in R, k\in \mathbb{Z}\}\subset \mathfrak{h}.$ ,
$\hat{R}^{+}$




$P= \bigoplus_{1=1}^{n}\mathbb{Z}\epsilon_{1}\subset \mathfrak{h}^{*}$ , $P^{\vee}= \bigoplus_{i=1}^{n}\mathbb{Z}\epsilon_{i}^{\vee}\subset \mathfrak{h}$
weight ,coweight .
2.1. $A_{n-1}^{(1)}$ ne Weyl $W_{n}$ , ;
: $s_{0},$ $s_{1},$ $\cdots,$ $s_{n-1},$ $\pi^{\pm 1}$ ,
: $S_{1}^{2}$. $=1$ $(0\leq i\leq n-1)$ ,
$s_{1}s_{i+1}s_{i}=s_{i+1}s_{i}s_{i+1}$ $(i\in \mathbb{Z}/n\mathbb{Z},n>2)$ ,
$s:s_{j}=s_{j}s_{2}$ $(j\not\equiv i, i\pm 1)$ ,
$\pi s_{i}=s_{i+1}\pi-1-1(i\in \mathbb{Z}/n\mathbb{Z})$
,
$\pi$ $\pi=\pi\pi$ $=1$ .
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, $W_{n}$ *, $\mathfrak{h}$
$s_{i}(h)=h-(\alpha_{i}|h)\alpha_{i}$ $(h\in \mathfrak{h}^{*})$ $s_{i}(h^{\vee})=h^{\vee}-\langle\alpha_{i}|h^{\vee}\rangle\alpha_{i}^{\vee}$ $(h^{\vee}\in \mathfrak{h})$





2.1 double affine Hecke algebra of type $GL_{n}$
, $\mathrm{K}=\mathbb{C}(\zeta, \tau)$ .
2.2. $GL_{n}$ double affine Hecke algebra $\mathcal{H}_{n}$ ,
$T_{i}(0\leq \mathrm{i}\leq n-1)$ , $Y_{\eta}(\eta\in P\oplus \mathbb{Z}\delta)$ , $\pi^{\pm 1}$
$Y_{\delta}=\tau$,
$(T_{i}-\zeta^{1/2})(T_{i}+\zeta^{-1/2})=0$ $(0\leq i\leq n-1)$ ,
$T_{1}T_{i+1}T_{i}=T_{1+1}T_{i}T_{i+1}$ $(i\in \mathbb{Z}/n\mathbb{Z})$ ,
$T_{2}T_{j}=T_{j}T_{i}$ (otherwise),
$T_{i} \mathrm{Y}_{\eta:(\eta)}-\mathrm{Y}_{\delta}T_{i}=(\zeta^{1/2}-\zeta^{-1/2})\frac{\mathrm{Y}_{s.\eta}Y_{\eta}}{\mathrm{Y}_{\alpha_{i}}1}=$ $(0\leq i\leq n-1)$ ,




, $\mathrm{Y}_{i}=\mathrm{Y}_{\epsilon_{i}},$ $X_{1}=T_{1}\cdots T_{n-1}\pi^{-1}$ , $X_{i}=\pi^{i-1}X_{1}\pi^{-i+1}$ ,
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: $T_{i}(1\leq i\leq n-1)$ , $Y_{j}^{\pm 1},$ $X_{j}^{\pm 1}(1\leq j\leq n)$ ,
: $(T_{i}-\zeta^{1/2})(T_{i}+\zeta^{-1/2})=0$ $(1\leq i\leq n-1)$ ,
$T_{i}T_{i+1}T_{i}=T_{i+1}T_{i}T_{i+1}$ $(1\leq i\leq n-1)$ ,
$T_{i}T_{j}=T_{j}T_{i}$ $(|i-j|\geq 2)$ ,
$T_{i}X_{i+1}T_{i}=X_{i}$ $(1\leq i\leq n-1)$ ,
$T_{l}X_{j}=X_{j}T_{i}$ $(j\neq i, i+1)$ ,
$T_{i}\mathrm{Y}_{i}T_{i}=Y_{i+1}$ $(1\leq i\leq n-1)$ ,
$T_{i}\mathrm{Y}_{j}=\mathrm{Y}_{j}T_{i}$ $(j\neq i, i+1)$ ,
$X_{2}^{-1}\mathrm{Y}_{1}X_{2}Y_{1}^{-1}=T_{1}^{2}$ ,
$X_{j}( \prod_{n}^{n}\mathrm{Y}_{k}\mathrm{Y}_{j}(_{k=1}\prod^{k=1}X_{k})=\tau=\tau\{$
$\prod_{k=1}^{n}\mathrm{Y}_{k})X_{j}$ $(1\leq j\leq n)$ ,
$\prod_{k=1}^{n}X_{k})Y_{j}$ $(1\leq j\leq n)$ ,
$X_{i}X_{j}=X_{j}X_{i},$ $X_{1}X_{1}^{-1}=1$ $(1\leq i,j\leq n)$ ,
$Y_{i}Y_{j}=\mathrm{Y}_{j}Y_{\mathfrak{i}},$ $Y_{i}Y_{i}^{-1}=1$ $(1\leq i,j\leq n)$ .
.
, $H_{n}=\langle T_{1}, \cdots, T_{n-1}\rangle$ $A$ Iwahori-Hecke , $H_{n}^{\mathrm{a}\mathrm{f}\mathrm{f}}=\langle T_{1}, \cdots, T_{n-1}, \mathrm{Y}_{1}^{\pm 1}, \cdots, Y_{n}^{\pm 1}\rangle$
$GL_{n}$ affine Hecke . $\langle T_{1}, \cdots, T_{n-1}, X_{1}^{\pm 1}, \cdots, X_{n}^{\pm 1}\rangle$ $GL_{n}$
ml e Hecke .
2.2
2.3.
(1) $\mathcal{H}_{n}$ $\mathrm{K}[x_{1}^{\pm 1}, \cdots, x_{n}^{\pm 1}]$ $V_{n}$
$X_{j}$ $-\rangle$ $x_{j}$ (multiplication),
$T_{i}$ $\mapsto\zeta^{1/2}s_{1}+\frac{\zeta^{1/2}-\zeta^{-1/2}}{x_{i+1}x_{i}^{-1}-1}(s_{2}-1)$ ,
$\mathrm{Y}_{j}$ $-\rangle T_{j}^{-1}\cdots T_{n-1}^{-1}\omega T_{1}\cdots T_{j-1}$ ,
. , $s_{i}$ $x_{i}$ $x_{1+1}$ , $\omega$ $(\omega f)(x_{1}, \cdots,x_{n})=f(\tau^{-1}x_{n}, x_{1}, \cdots, x_{n-\iota})$
.
(2) , GLn ne Hecke Hnaff l
$T_{i^{-\rangle}}\zeta^{1/2}$ , $Y_{j}\mapsto\zeta^{\rho_{j}}$ .
.
$\rho=(\rho_{1}, \cdots, \rho_{n})=(-\frac{n-1}{2},$ $- \frac{n-3}{2},$ $\cdots,$ $\frac{n-1}{2})$ .
.
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$\zeta^{\ell}\tau^{r}=1$ $(2\leq\ell\leq n, 1\leq r, (\ell, r)=1)$ .
$V_{n}^{(\ell,r)}$ .
2.4. $\mathrm{K}^{n}$ $Z_{m}^{(\ell,r)}$ , $(z_{1}, \cdots, z_{n})\in \mathrm{K}^{n}$ ;
$z$ $i_{j,1},$ $\cdots,$ $i_{j,\ell}\in\{1, \cdots, n\}$ $(1 \leq j\leq m)$
$s_{j,1},$ $\cdots,$ $s_{j,\ell}\in \mathbb{Z}_{\geq 0}$ $(1 \leq j\leq m)$ ,
$z_{i_{j}}$
,
$=\zeta\tau^{s_{j,0}}z_{i_{j,a+1}}$ $(1 \leq j\leq m, 1\leq i\leq\ell)$ ,
$\sum s_{j,a}=r\ell$ $(1 \leq j\leq m)$ ,
$a=1$
$i_{j,a+1}>i_{j,a}$ if $s_{j,a}=0$ .
.
, Im(\ell
$I_{m}^{(\ell,r)}=$ { $f\in \mathrm{K}[x_{1}^{\pm 1},$ $\cdots)x_{n}^{\pm 1}];f(z)=0$ for all $z\in Z_{m}^{(\ell,r)}$ }
. multi-wheel .
2.5 ([ , Theorem 6.3]). $N=[ \frac{n}{\ell}]$ . ,
$0=I_{0}^{(\ell,r\rangle}\subseteq I_{1}^{(\ell,r)}\subsetneq I_{2}^{(\ell,r)}\subseteq\cdots I_{N}^{(\ell,r)}\subsetneq I_{N+1}^{(\ell,r)}=V_{n}^{(\ell,r)}$ .
, V(e .
25 , $V_{n}^{(\ell,r\rangle}$ , $N+1=[ \frac{n}{\ell}]+1$ .
2.6 ([ , Conjecture 6.4]). $V_{n}^{(\ell,r)}$
. $I_{a+1}^{(\ell,r)}/I_{a}^{\ell,r)}$ $(0\leq a\leq N)$ .
2.4 category $\mathcal{O}$
$\mathcal{H}_{n}- \mathrm{m}\mathrm{o}\mathrm{d}$ Hn- , $\mathbb{C}[\mathrm{Y}]$ $Y_{\eta}(\eta\in P)$ $\mathcal{H}_{n}$
.
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2.7. $M\in \mathcal{H}_{n}$-mod , $\mathbb{C}[Y]$ , $v\in M$
, C[Y]v . C[Y] Hn-
, categoryO . Hn categoryO
, $O_{(\ell,r)}$ . $V_{n}^{(\ell,r)}$ category $\mathcal{O}_{(\ell,r)}$ .
$M\in O$ , weight
$M= \bigoplus_{\chi\in \mathfrak{h}^{*}}M_{\chi}$
.
$M_{\chi}= \bigcup_{k\geq 1}$ { $v\in M|(Y_{\eta}-\zeta^{(\eta 1\chi)})^{k}v=0$ for any $\eta\in P$ }
. $\mathrm{S}\mathrm{u}\mathrm{p}\mathrm{p}(M)=\{\chi\in \mathfrak{h}^{*}|M_{\chi}\neq 0\}$ .
2.8. $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(M)\subset W_{n}\cdot\chi$ $M\in O$ $\chi_{O}$ .
, $\chi_{O_{(\ell,r)}}$ . $\mathcal{H}_{n}^{(\ell,r)}$ $Vn^{(\ell,\mathrm{r})}$ , $\chi_{O_{(\ell,r)}}$
.
3 DAHA $\mathrm{v}$-Schur
3.1 degenerate DAHA & category $\mathbb{O}^{\deg}$
3.1.1 degenerate DAHA
3.1. $h\in \mathbb{C}\backslash \{0\}$ . $GL_{n}$ degenerate DAHA $\mathbb{H}_{n,h}^{\deg}$ ,
$\pi^{\pm 1},$
$s_{0},$ $s_{1},$ $\cdots s_{n-1}$ , $y_{\eta}^{\deg}(\eta\in P\oplus \mathbb{Z}\delta)$
,
$y_{\delta}^{\deg}=1$ ,
$y_{\eta}^{\deg}+y_{\xi}^{\deg}=y_{\eta+\xi}^{\deg}$ $(\eta, \xi\in P)$ ,
$\langle\pi^{\pm 1}, s_{0}, s_{1}, \cdots, s_{n-1}\rangle\cong \mathbb{C}W_{n}$ ,











$M_{\chi}= \bigcup_{k\geq 1}$ { $v\in M|(y_{\eta}-(\eta|\chi))^{k}v=0$ for any $\eta\in P$ }
. $\mathrm{S}\mathrm{u}\mathrm{p}\mathrm{p}(M)=\{\chi\in \mathfrak{h}^{*}|M_{\chi}\neq 0\}$ .







CSn\otimes C[y ]- . , $\Delta_{h}^{\deg}(\lambda)$ ,
$\Delta_{h}^{\deg}(\lambda)=\mathrm{I}\mathrm{n}\mathrm{d}_{\mathrm{C}\mathfrak{S}_{n}\emptyset \mathbb{C}[y^{\mathrm{d}\epsilon \mathrm{g}}]}^{\mathrm{E}_{n}^{\mathrm{d}\epsilon \mathrm{g}}}S^{\lambda}$.
. $\Delta_{h}^{\deg}(\lambda)$ category $\mathbb{O}_{h}^{\deg}[]\vee$. \tau .
, $\triangle_{h}^{\deg}(\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{v})$ $\rho \mathbb{O}_{h}^{\deg}[]$. .
$\rho=\sum_{1=1}^{n}\rho_{i}\epsilon_{i}=$ $(\rho_{1},$ $\cdot$ . . , $\rho_{n})=(-\frac{n-1}{2},$ $- \frac{n-3}{2},$ $\cdot$ . . , $\frac{n-1}{2})$
.
3.2 rational DAHA&category $\mathbb{O}^{\mathrm{r}\mathrm{a}\mathrm{t}}$
3.2.1 rationa DAHA
3.5. $h\in \mathbb{C}\backslash \{0\}$ . $GL_{n}$ rational DAHA $\underline{1}\mathrm{E}_{n,h}^{\mathrm{a}\mathrm{t}}$
$x_{\eta^{\vee}}(\eta^{\vee}\in P^{\vee})$ , $s_{1},$ $\cdots,$ $s_{n-1}$ , $y_{\eta}^{\mathrm{r}\mathrm{a}\mathrm{t}}(\eta\in P)$
,
$y_{\eta}^{\mathrm{r}\mathrm{a}\mathrm{t}}+y_{\xi}^{\mathrm{r}\mathrm{a}\mathrm{t}}=y_{\eta+\xi}^{\mathrm{r}\mathrm{a}\mathrm{t}}$ $(\eta,\xi\in P)$
$x_{\eta}\vee+x_{\xi^{\mathrm{v}}}=x_{\eta^{\mathrm{v}}+\xi^{\vee}}$ $(\eta^{\vee}, \xi^{\vee}\in P^{\vee})$
$\langle s_{1}, \cdots, s_{n-1}\rangle\cong \mathbb{C}\mathfrak{S}_{n}$,






3.6. $\mathbb{H}_{n,h}^{\mathrm{r}\mathrm{a}\mathrm{t}}$-mod $\mathbb{H}_{n,h}^{\mathrm{r}\mathrm{a}\mathrm{t}}$- . $\mathrm{M}\in \mathbb{H}_{n,h}^{\mathrm{r}\mathrm{a}\mathrm{t}}$-mod , $y^{\mathrm{r}\mathrm{a}\mathrm{t}}$







$\mathbb{C}\mathfrak{S}_{\mathrm{n}}\otimes \mathbb{C}[\mathrm{y}^{\mathrm{r}\mathrm{a}\mathrm{t}}]$ - . $\Delta_{h}^{\mathrm{r}\mathrm{a}\mathrm{t}}(\lambda)$ ,
$\Delta_{h}^{\mathrm{r}\mathrm{a}\mathrm{t}}(\lambda)=\mathrm{I}\mathrm{n}\mathrm{d}_{\mathbb{C}\mathfrak{S}_{\hslash}\otimes \mathbb{C}[y^{\mathrm{r}}{}^{\mathrm{t}}1}^{W_{n}^{\mathrm{a}\mathrm{t}}}.S^{\lambda}$
. $\Delta_{h}^{\mathrm{r}\mathrm{a}\mathrm{t}}(\lambda)$ category $\mathbb{O}_{h}^{\mathrm{r}\mathrm{a}\mathrm{t}}$ .
3.2.3 degenerate DAHA
38([ ]). $\mathbb{H}_{n,h}^{\mathrm{r}\mathrm{a}\mathrm{t}}$ $\mathbb{H}_{n,h}^{\mathrm{r}\mathrm{a}\mathrm{t}}$ ;
si $\mapsto$ $s_{i}$ ,
$x_{j}^{\vee}$ $rightarrow X_{j}$
$y_{j}^{\mathrm{r}\mathrm{a}\mathrm{t}}$ $\mapsto X_{j}^{-1}(y_{j}^{\deg}-\sum_{1\leq k<j}s_{kj}+\frac{n-1}{2})$ .
, $X_{1}=\pi s_{n-1}\cdots s_{1},$ $X_{j}=\pi^{j-1}X_{1}\pi^{-j+1}$ .
,
$y_{j}^{\deg}=X_{j}y_{j}^{\mathrm{r}\mathrm{a}\mathrm{t}}+ \sum_{1\leq k<j}s_{kj}-\frac{n-1}{2}$
, $y_{j}^{\mathrm{r}\mathrm{a}\mathrm{t}}\text{ }\mathrm{O}\text{ },$ $y_{j}^{\deg}\text{ }\rho_{j}\text{ }$ .
3.3 v-Schur
$H_{n}$ $v$ $A$ Hecke . $n$ composition $\mu=(\mu_{1}, \cdots, \mu_{n})$
, Young $\mathfrak{S}_{\mu_{1}}\cross\cdots\cross \mathfrak{S}_{\mu_{n}}$ .





permutation module . $v$-Schur $\mathrm{S}(n)$ ,
$\mathrm{S}(n)=\mathrm{E}\mathrm{n}\mathrm{d}_{H_{n}}(M)$
[DJ].
$S:\mathrm{S}(n)$-mod $arrow H_{n}- \mathrm{m}\mathrm{o}\mathrm{d};N\vdasharrow M\otimes_{\mathrm{S}(n)}N$
. $v$ 1 * , $\mathrm{S}(n)$ $\{W^{\lambda}|\lambda\vdash$
$n\}$ , $S^{\lambda}=M\otimes_{8(n)}W^{\lambda}$ . $v$ 1 * , $\mathrm{S}(n)$ cellular
algebra [GL] , $\{L^{\lambda}:=W^{\lambda}/\mathrm{r}\mathrm{a}\mathrm{d}W^{\lambda}|\lambda\vdash n\}$
.
, $U_{v}(g1_{n})$ $\mathbb{C}^{n}$ $(\mathbb{C}^{n})^{\otimes n}$ , $U_{v}(g\mathfrak{l}_{n})arrow \mathrm{E}\mathrm{n}\mathrm{d}((\mathbb{C}^{n})^{\otimes n})$
$\mathrm{S}(n)$ [BLM].
, , S(n)- W(ln) , Uv( n) determinant ,
.
3.4 $\mathcal{O},$ $\mathbb{O}^{\deg},$ $\mathbb{O}^{\mathrm{r}\mathrm{a}\mathrm{t}},$ $\mathrm{S}(n)$-mod
4 .
3.9 $([\mathrm{V}\mathrm{V}\mathit{2}],[\mathrm{L}\mathrm{u}\mathrm{s}])$ . $\chi\in \mathfrak{h}^{*}$
\eta \in P $(\eta|\chi)\in \mathbb{Z}$ $(\delta|\chi)\in \mathbb{Z}$ ,
, $\chi O_{(\ell,r)}$ $x\mathbb{Q}_{r/\ell}^{\deg}$ , DAHA $\mathcal{H}_{n}^{(\ell,r)}$
$V_{n}^{(4}r$) , $\mathbb{H}_{n.r/\ell}^{\deg}$. $\Delta_{h}^{\deg}(\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{v}, )$ .
3.10 ([ ]).
(1) $\Delta_{h}^{\deg}(\lambda),$ $\Delta_{h}^{\mathrm{r}\mathrm{a}\mathrm{t}}(\lambda)$ unique simple quotient . $L_{h}^{\deg}(\lambda),$ $L_{h}^{\mathrm{r}\mathrm{a}\mathrm{t}}(\lambda)$
.
(2) $\text{ }\mathbb{H}_{n}^{\mathrm{r}\mathrm{a}}$,th\rightarrow le,hg
$\mathbb{O}_{h}^{\mathrm{r}\mathrm{a}\mathrm{t}}arrow \mathbb{O}_{h}^{\deg};M\mapsto \mathbb{H}_{n,h}^{\deg}\otimes_{W_{n,h}^{\mathrm{t}}}\cdot M$
fully faithffil .
(3) (2) , unique simple quotient unique
simple quotient ;
$\Delta^{\deg}(\lambda)=\mathbb{H}_{n,h}^{\deg}\otimes_{\mathrm{I}\mathrm{r}_{n,h}^{\mathrm{r}*\iota\Delta^{\mathrm{r}\mathrm{a}\mathrm{t}}(\lambda)}}$ , $L^{\deg}(\lambda)=\mathbb{H}_{n}^{\mathrm{d}\mathrm{e}}|_{h}^{\mathrm{g}}\otimes_{W_{n,h}^{*\mathrm{t}}}L^{\mathrm{r}\mathrm{a}\mathrm{t}}(\lambda)$ .
$\text{ }[]_{\mathrm{L}},$
$[\Delta^{\deg}(\lambda) : L^{\deg}(\mu)]=[\Delta^{\mathrm{r}\mathrm{a}\mathrm{t}}(\lambda) : L^{\mathrm{r}\mathrm{a}\mathrm{t}}(\lambda)]$ .
311 $([\mathrm{R}\mathrm{o}\mathrm{u}])$ . $v=\sqrt[p]{1}$ , $\mathrm{S}(n)$-mod . $h \neq\frac{1}{2}+\mathbb{Z}$ , $\mathbb{O}_{h}^{\mathrm{r}\mathrm{a}\mathrm{t}}$
S(n)-mod , h>0 , $\text{ }\Delta_{h}^{\mathrm{r}\mathrm{a}\mathrm{t}}(\lambda)\text{ }$ , Weyl W\mbox{\boldmath $\lambda$}’ .





$[n]= \frac{q^{n}-q^{-n}}{q-q^{-1}}$ . $A=(a_{ij})_{0\leq:\leq\ell-1}$ $A_{p-1}^{(1)}$ Cartt , , $\ell\geq 3$
$a_{1j}=\{$
2 $i=j$
$-1$ $i\equiv j\pm 1(\mathrm{m}\mathrm{o}\mathrm{d} p)$ ,
$0$ otherwise
$\ell=2$ , $A=($ $-22$ $-22$ ) .
4.1. $U_{q}(\overline{\epsilon 1_{n}})$ ,





$E_{i}E_{j}=E_{j}E_{i}$ (if $i\neq j\pm 1$ ),
$F_{1}F_{j}=F_{j}F_{i}$ (if $i\neq j\pm 1$ ),
$q$-Serre
if $\ell\geq 3$ , $E_{i}^{2}E_{1\pm 1}-(q+q^{-1})E_{i}E_{i\pm 1}E_{i}+E_{i\pm 1}E_{i}^{2}=0$ ,
$F_{i}^{2}F_{i\pm 1}-(q+q^{-1})F_{1}F_{i\pm 1}F_{i}+F_{i\pm 1}F_{i}^{2}=0$ ,
if $\ell=2$ , $E_{1}^{3}.E_{i\pm 1}-[3]E_{i}^{2}E_{1\pm 1}E_{1}+[3]E_{1}E_{i\pm 1}E_{1}^{2}$. $-E_{i\pm 1}E_{i}^{2}=0$ ,
$F_{;}^{3}F_{i\pm 1}-[3]F_{i}^{2}F_{i\pm 1}F_{i}+[3]F_{1}.F_{i\pm 1}F_{i}^{2}-F_{i\pm 1}E_{i}^{2}=0$,
$\mathbb{C}(q)$ . ( $\mathrm{m}\mathrm{o}\mathrm{d} \ell$ .)
$U_{q}(\overline{\epsilon 1_{n}})$ , Hopf ;
$\Delta^{-}(E_{i})$ $=$ $1\otimes E_{i}+E:\otimes K_{i}^{-1}$ ,
$\Delta^{-}(F_{i})$ $=$ $F_{i}\otimes 1+K_{i}\otimes F_{i}$ ,
$\Delta^{-}(K_{i})$ $=$ $K_{i}\otimes K_{i}$ .
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$\Delta^{+}(E_{i})$ $=$ $E_{i}\otimes 1+K_{i}\otimes E_{i}$ ,
$\Delta^{+}(F_{i})$ $=$ $F_{i}\otimes K_{i}^{-1}+1\otimes F_{i}$ ,
$\Delta^{+}(K_{i})$ $=$ $K_{i}\otimes K_{i}$ .
, upper .
4.1.2 Fock
$U_{q}(\overline{\epsilon \mathrm{t}_{n}})$ Fock [KMS] . $V=\mathbb{C}^{\ell}$ $v_{1},$ $\cdots,$ $v_{\ell}$ ,
$V(z)=V\otimes \mathbb{C}(q)[z, z^{-1}]$ $u_{j-a\ell}=z^{a}v_{j}$ . , $U_{q}(\overline{5\mathfrak{l}_{n}})$
$E_{i}u_{m}$ $=$ $\delta$ ($m-1\equiv i$ mod $P$) $u_{m-1}$ ,
$F_{i}u_{m}$ $=\delta(m\equiv i\mathrm{m}\mathrm{o}\mathrm{d} \ell)u_{m+1}$ ,
$K_{i}u_{m}$ $=$ $q^{\delta(m\equiv i}\mathrm{m}\mathrm{o}\mathrm{d} \ell)-\delta(m\equiv i+1\mathrm{m}\mathrm{o}\mathrm{d} \ell)u_{m}$ .
. V(z) evaluation module .
$I=(\cdots, i_{2}, i_{1}, i_{0})$
$i_{0}>i_{1}>i_{2}>.$ . . , $i_{k}=-k+1(k\gg 0)$
,
$u_{I}=\cdots\wedge u_{i_{2}}\wedge u_{i_{1}}\wedge u_{i\mathrm{o}}$ .
. wedge
$u_{k}\wedge u_{m}=$ $-u_{m}\wedge u_{k}$ ($k\equiv m$ mod $\ell$),
$u_{k}\wedge u_{m}=$ $-qu_{m}\wedge u_{k}$
$+(q^{2}-1)\{u_{m-:}\wedge u_{k+i}-qu_{m-\ell}\wedge u_{k+\ell}+q^{2}u_{m-\ell+i^{\wedge u_{k+\ell+i}}} -...\}$
($m-k\equiv i$ mod $\ell,$ $0<i<p$).
. ,
$\mathrm{v}\mathrm{a}\mathrm{c}_{-k}=\cdots\wedge u_{-(k+2)}\wedge u_{-(k+1)}\wedge u_{-k}$.
,
$E_{1}\mathrm{v}\mathrm{a}\mathrm{c}_{-k}$ $=0$ , (4.1)
$F_{i}\mathrm{v}\mathrm{a}\mathrm{c}_{-k}$ $=$ $\{$
$\mathrm{v}\mathrm{a}\mathrm{c}_{-k-1}\wedge u_{-k+1}$ $(i\equiv-k\mathrm{m}\mathrm{o}\mathrm{d} \ell)$
$0$ otherwise (4.2)
$K_{i}\mathrm{v}\mathrm{a}\mathrm{c}_{-k}$ $=$ $\{$




42. $U_{q}(\overline{s\mathrm{t}_{n}})$ Fock , $U_{q}(\overline{\epsilon \mathfrak{l}_{n}})$ -
$\mathcal{F}=\bigoplus_{I}\mathbb{C}(q)u_{I}$
,
. $I$ , $i_{k}=-k+1(k\gg \mathrm{O})$ .
43. $F$ ,
$|\lambda=(\lambda_{0}\geq\lambda_{1}\geq\cdots)\rangle\mapsto\cdots u_{\lambda_{2}-2}\wedge u_{\lambda_{1}-1}\wedge u_{\lambda_{\text{ }}}$ .






(1) $\lambda$ , $x\in\lambda$ content $c(x)=\mathrm{c}\mathrm{o}1(x)-\mathrm{r}\mathrm{o}\mathrm{w}(x)$ , $c(x)\mathrm{m}\mathrm{o}\mathrm{d} p$
$x$ $P$-residue .
(2) \mu , \mbox{\boldmath $\lambda$} x , x \mbox{\boldmath $\lambda$} removable box
. , \mbox{\boldmath $\lambda$} \mu l x , x{ \mu addable box Vl
$\check{\mathcal{D}}$ . $\ell$-residue $l^{*}\mathrm{a}i\text{ }$ removable box[resp.addable box] $\text{ }i$-removable box[resp.i-addable
box] .
(3) $\lambda$ $i$-addable box $i$-removable box $A,$ $R$
, $AR$ $R\cdots RA\cdots A$ .
$R$ $i$-removable box $i$-good box .
$\lambda=(4,3,2,2,1),$ $p=3$
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$R$ $0$ $\mathbb{C}(q)$ .
$L= \bigoplus_{\lambda\in P}R|\lambda\rangle$
, $B=$ { $|\lambda\rangle$ (mod $qL$)}.
.
4.5 (Misra- R [MM],[ 2]). $(L, B)$ , $e_{1},\overline{f_{i}}\sim(1\leq$
$i\leq P-1)$ , Fock $F$ ;
(1) \mbox{\boldmath $\lambda$} i-good box , $e_{i}|\sim\lambda\rangle$ $=0$ (mod $qL$).
(2) $x$ $\lambda$ i-good box , $\mu=\lambda\backslash \{x\}$ ,
$e_{1}|\sim\lambda\rangle=|\mu\rangle$ (mod $qL$), $f_{\mathfrak{i}}|\mu\rangle\sim=|\lambda\rangle$ . (mod $qL$).
(3) $\mu\cup$ {x} x i-g00dboX i-addab1eboxx \mu
$\text{ },$ $f_{i}|\mu\rangle\sim=0$ (mod $qL$).
4.3 Fock
4.6. [KMS] , $F$ $B_{k}(k\in \mathbb{Z}, k\neq 0)$ ;
$B_{k}u_{I}=$ $(. . . \wedge u:_{2}\wedge u_{i_{1}}\wedge u_{1_{\mathrm{O}}-\ell k})+$ ( $\cdots\wedge u$: A $u_{i_{1}-\ell k}\wedge u_{i_{0}}$ ) $+(\cdots\wedge u_{i_{2}\ell k}-\wedge u_{i_{1}}\wedge u_{i_{0}})+\cdots$
4.3.1 10wer
4.7. $\mathcal{F}$. bar involution $-:Farrow \mathcal{F}$ – ;
(1) $\overline{F_{i}v}=F_{1}\overline{v}$ $(v\in \mathcal{F}, 0\leq i\leq P-1)$ ,
(2) $\overline{B_{k}v}=B_{k}\overline{v}$ $(k>0)$ ,
(3) $\overline{\mathrm{v}\mathrm{a}\mathrm{c}_{0}}=\mathrm{v}\mathrm{a}\mathrm{c}_{0}$ .
(4) $\overline{qv}=q^{-1}\overline{v}$ .
48. $F$ $\{G^{1o\mathrm{w}}(\mu)\in F|\mu\in P\}$ ,
. F lower .
(1) (” $\mathrm{b}\mathrm{a}\mathrm{r}$ ”) $\overline{G^{1\mathrm{o}\mathrm{w}}(\mu)}=G^{1\mathrm{o}\mathrm{w}}(\mu)$ .
(2) $\mu$ $n$ ,
$G^{1\mathrm{o}\mathrm{w}}( \mu)=|\mu\rangle+\sum_{\mu\triangleleft\lambda\in \mathcal{P}_{n}}d_{\lambda\mu}(q)|\lambda\rangle$
,
d\mbox{\boldmath $\lambda$}\mu (q)\in qZ[q] . , dominance ordering .
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4.3.2 upper
$\{\langle\lambda|\}_{\lambda\in \mathcal{P}}$ $\langle\lambda|\mu\rangle=\delta_{\lambda\mu}$ $\{|\lambda\rangle\}_{\lambda\in P}$ . , Uq(\epsilon (\ell )-
$\mathcal{F}^{\vee}=\bigoplus_{\lambda\in P}\mathbb{C}(q)\langle\lambda|$
, $\Delta^{+}$ (4.1),(4.2),(4.3) $U_{q}(\overline{\epsilon 1_{\ell}})$ -
$\bigoplus_{I}\mathbb{C}(q)u_{I}$
.
4.9. $F^{\vee}$ bar invokution : $\mathcal{F}^{\vee}arrow F^{\vee}$ – ;
(1) $\overline{F_{i}v}=F_{1}\overline{v}$ $(v\in F^{\vee}, 0\leq \mathrm{i}\leq\ell-1)$ ,
(2) $\overline{B_{k}v}=B_{k}\overline{v}$ $(k<0)$ ,
(3) $\overline{\mathrm{v}\mathrm{a}\mathrm{c}_{0}}=\mathrm{v}\mathrm{a}\mathrm{c}_{0}$ .
(4) $\overline{qv}=q^{-1}\overline{v}$
4.10. F {Gup(\mu )\in F\vee l\mu \in P} ,
. Fv upper .
(1) (” $\mathrm{b}\mathrm{a}\mathrm{r}$ ”) $\overline{G^{\mathrm{u}\mathrm{p}}(\mu)}=G^{\mathrm{u}\mathrm{p}}(\mu)$ .
(2) $\lambda$ $n$ ,
$\langle\lambda|=G^{\mathrm{u}\mathrm{p}}(\lambda)+\sum_{\lambda\triangleright\mu\in Pn}d_{\lambda\mu}(q)G^{\mathrm{u}\mathrm{p}}(\mu)$
.
$d_{\lambda\mu}’(q)\in q\mathbb{Z}[q]$ . , $d_{\lambda\mu}’(q)$ $d_{\lambda\mu}(q)$ – . ,





$d_{\lambda\mu}(q)$ , $q$-crystallized decomposition number . $v$-Schur LLT-
, q\rightarrow l .
4.11 (Varagnolo-Vasserot [VV1]). $d_{\lambda\mu}(1)=[W^{\lambda’}, L^{\mu’}]$ .
5 $q-\text{ }d_{(n),\mu}$
5.1
Fock 48, 4.10 Varagnolo-Vasserot
LLT- , W(ln) , $\langle$ (n)l upper
.
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5.1. $N=[ \frac{n}{\ell}]$ , $n$ $\mu_{i}^{(n)}(1\leq i\leq N)$
.
Remark 3. – , rim $P$-hook
.
$\mu_{3}^{(10)}=(2^{5}),$ $\mu_{2}^{(10)}=(5,2^{2},1),$ $\mu_{1}^{(10)}=(8,2),$ $\mu_{0}^{(10)}=(10)$ .
$\mu_{3}^{(10)}$ $\mu_{2}^{(10)}$ $\mu_{1}^{(10)}$











5.8 (Kashiwara [ ]). $E_{i}\in U_{q}(\overline{\mathrm{s}1_{n}})$ $G^{\mathrm{u}\mathrm{p}}$
$E_{1}G^{\mathrm{u}\mathrm{p}}( \mu)=[\epsilon:(\mu)]G^{\mathrm{u}\mathrm{p}}(e_{1}\mu)\sim+\sum_{:e(\nu)<\epsilon_{1}(\mu)-1}b_{\mu\nu}^{i}G^{\mathrm{u}\mathrm{p}}(\nu)$









’ $x= \sum_{\lambda\in P}b_{x,\lambda}G^{\mathrm{u}\mathrm{p}}(\ell\lambda)$
.
5.5 (Kashiwara [ ]). ;
$G^{1\mathrm{o}\mathrm{w}}(\mathrm{v}\mathrm{a}\mathrm{c}_{-m-1}\wedge u_{\ell\lambda_{m}-m}\wedge\cdots\wedge u_{\ell\lambda_{1}-1}\wedge u_{\ell\lambda_{0}})$
$=$ $\sum a_{j_{m},j_{m-1},\cdots,j\mathrm{o}}(q)\mathrm{v}\mathrm{a}\mathrm{c}_{-m-1}\wedge u_{j_{m}+\ell\lambda_{m}-\ell m}\wedge u_{jm-1+\ell\lambda_{m-1}-\ell(m-1)}\wedge\cdots\wedge u_{j\mathrm{o}+\ell\lambda_{0}}$
,
$(0, \ell-1,2(P-1), \cdots, m(P-1))\leq(j_{m},j_{m-1}, \cdots,j_{0})\leq(m(P-1), (m-1)(\ell-1),$ $\cdots,$ $0)$
$(-m, -m+1, \cdots, 0)\leq(j_{m}+\ell\lambda_{m}-pm,j_{m-1}+p\lambda_{m-1}-p(m-1),$ $\cdots,j_{0}+\ell\lambda_{0})$
$(j_{m},j_{m-1}, \cdots,j_{0})$ .
5.6.
(1) $|(n)\rangle$ $G^{1\mathrm{o}\mathrm{w}}(l\lambda)(\lambda\in P)$ .
(2) $G^{\mathrm{u}\mathrm{p}}(p\lambda)$ $\langle$ $(n)|$ .
5.7. $\mu_{i}^{(n)}$ .
(1) $n\not\equiv \mathrm{O}$ (mod $p$) ,
$(\mu_{;}^{(n)})=\{$
$0$ if $j\not\equiv n-1$
$\mu^{(n-1)}.\cdot$ if $j\equiv n-1$
$(0\leq i\leq N)$
.
(2) $n\equiv 0$ (mod $p$ ) ,
$e_{j}(\sim\mu_{i}^{(n)})=\{$
$0$ if $j\not\equiv n-1$
$\mu_{\-1}^{(n-1)}$. if $j\equiv n-1$






$(1 \leq i\leq N)$
$\epsilon_{j}(\mu_{0}^{(n)})=\{$












$D_{n}:= \mathrm{v}\mathrm{a}\mathrm{c}_{-1}\wedge u_{n}-\sum_{i=0}^{N}q^{i}G^{\mathrm{u}\mathrm{p}}(\mu_{i}^{(n)})\in\overline{\bigcap_{j=0}^{\ell 1}}\mathrm{K}\mathrm{e}\mathrm{r}(E_{j})$
$n$ . 54 $D_{n}$ $G^{\mathrm{u}\mathrm{p}}(p\lambda)$ ,
56 , $D_{n}=0$ .
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